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THE SPECTRAL DENSITY FUNCTION
OF THE RENORMALIZED BOCHNER LAPLACIAN
ON A SYMPLECTIC MANIFOLD
YURI A. KORDYUKOV
Abstract. We consider the renormalized Bochner Laplacian acting on tensor
powers of a positive line bundle on a compact symplectic manifold. As shown by
Guillemin and Uribe, for high tensor powers p, its spectrum splits into two parts.
One part consists of the eigenvalues which are uniformly bounded independent
of p, and another part goes to the right at approximately linear rate in p. The
spectral density function describes the distribution of the uniformly bounded
eigenvalues. In this paper, we derive an explicit local formula for the spectral
density function in terms of the coefficients of the Riemannian metric and the
symplectic form.
Our computation heavily relies on methods and results developed by Ma
and Marinescu. First, we use the fact that the spectral density function coin-
cides with the leading coefficient in the asymptotic expansion of the generalized
Bergman kernel associated with the renormalized Bochner Laplacian. Ma and
Marinescu developed a method to compute the coefficients in the asymptotic
expansion of the generalized Bergman kernel by recurrence. Using this method,
they obtained an integral formula for the first two coefficients and computed ex-
plicitly some of them in the almost Ka¨hler case. In the current paper, we start
with the Ma-Marinescu formula and complete the computation of the leading
coefficient in the general case.
As an application, we obtain some additional information on the asymptotic
formula for the low-lying eigenvalues of the Bochner Laplacian with discrete
wells.
1. Introduction
1.1. Preliminaries. Let (X,ω) be a compact quantizable symplectic manifold of
dimension 2n. Thus, [ω] ∈ H2(X,Z), and there exists a Hermitian line bundle
(L, hL) on X with a Hermitian connection ∇L : C∞(X,L) → C∞(X, T ∗X ⊗ L),
which satisfies the pre-quantization condition:
(1.1)
i
2π
RL = ω,
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where RL = (∇L)2 is the curvatute of the connection.
Let g be a Riemannian metric on X . For any p ∈ N, denote by Lp := L⊗p be
the p-th tensor power of L. Consider the induced Bochner-Laplacian ∆L
p
acting
on C∞(X,Lp) by
(1.2) ∆L
p
=
(∇Lp)∗∇Lp,
where ∇Lp : C∞(X,Lp) → C∞(X, T ∗X ⊗ Lp) is the connection on Lp induced by
∇L, and (∇Lp)∗ : C∞(X, T ∗X ⊗ Lp)→ C∞(X,Lp) is the formal adjoint of ∇Lp .
Let J0 ∈ End(TX) be a skew-adjoint endomorphism such that
(1.3) ω(u, v) = g(J0u, v), u, v ∈ TX.
An almost complex structure J ∈ End(TX) compatible with ω and g is defined by
(1.4) J = J0(−J20 )−1/2.
The renormalized Bochner Laplacian ∆p is a second order differential operator
acting on C∞(X,Lp) by
∆p = ∆
Lp − pτ,
where τ is a smooth function on X given by
(1.5) τ(x) = −πTr[J0(x)J(x)], x ∈ X.
This operator was introduced by Guillemin and Uribe in [3]. When (X,ω) is a
Kaehler manifold, it is twice the corresponding Kodaira Laplacian on functions

Lp = ∂¯L
p∗∂¯L
p
.
Denote by σ(∆p) the spectrum of ∆p in L
2(X,Lp). Put
(1.6) µ0 = inf
u∈TxX,x∈X
iRLx (u, J(x)u)
|u|2g
.
By [8, Cor. 1.2], there exists a constant CL > 0 such that for any p
σ(∆p) ⊂ [−CL, CL] ∩ [2pµ0 − CL,+∞).
Consider the finite-dimensional vector subspace Hp ⊂ L2(X,Lp) spanned by the
eigensections of ∆p corresponding to eigenvalues in [−CL, CL]. Its dimension dp
grows polynomially as p → ∞ ([8, Cor. 1.2]). Denote by λ(p)j , j = 1, 2, . . . , dp,
the eigenvalues of ∆p in [−CL, CL] taken with multiplicities. The spectral density
function is a function ρ ∈ C∞(X) such that for any f ∈ C(R)
lim
p→∞
dp∑
j=1
f(λ
(p)
j ) =
1
vol(X)
∫
X
f(ρ(x))dvX(x),
where dvX denotes the Riemannian volume form of (X, g). Its existence and
uniqueness was shown by Guillemin and Uribe [3].
The main result of the paper is an explicit local formula for the function ρ in
terms of the coefficients of the tensors g and ω.
THE SPECTRAL DENSITY FUNCTION OF THE BOCHNER LAPLACIAN 3
1.2. The main result. We will consider the complexified tangent bundle TX⊗C
equipped with the C-bilinear form 〈·, ·〉 induced by g. Define J ∈ End(TX ⊗ C)
by
(1.7) J = −2πiJ0.
It is skew-adjoint with respect to 〈·, ·〉.
Fix an arbitrary point x0 ∈ X . The almost complex structure Jx0 defined in (1.4)
induces a splitting Tx0X ⊗ C = T (1,0)x0 X ⊕ T (0,1)x0 X , where T (1,0)x0 X and T (0,1)x0 X are
the eigenspaces of Jx0 corresponding to its eigenvalues i and −i, respectively. The
operator Jx0 gives rise to a positive operator Jx0 : T (1,0)x0 X → T (1,0)x0 X . We choose
an orthonormal base {wj : j = 1, . . . , n} of T (1,0)x0 X , consisting of its eigenvectors:
Jx0wj = ajwj, aj > 0, j = 1, . . . , n.
Then
(1.8) e2j−1 = 1√2(wj + w¯j), e2j =
i√
2
(wj − w¯j), j = 1, . . . , n,
form an orthonormal base of Tx0X . By means of this base, we identify Tx0X with
R2n. We will use the corresponding coordinates on Tx0X : Z = (Z1, . . . , Z2n) ∈
R2n 7→ ∑2nj=1Zjej ∈ Tx0X , as well as the complex coordinates z ∈ Cn, zj =
Z2j−1 + iZ2j , j = 1, . . . , n. Put
∂
∂zj
= 1
2
(
∂
∂Z2j−1
− i ∂
∂Z2j
)
, ∂
∂z¯j
= 1
2
(
∂
∂Z2j−1
+ i ∂
∂Z2j
)
.
Thus, wj =
√
2 ∂
∂zj
, w¯j =
√
2 ∂
∂z¯j
.
Consider the endomorphism |J | : TX ⊗ C→ TX ⊗ C given by
|J | := (J ∗J )1/2 = −iJJ .
We denote by ∇TX the Levi-Civita connection on (X, g). For each tensor ψ
on X , we denote by ∇X the covariant derivative of ψ induced by ∇TX . Thus,
∇XJ ,∇XJ ∈ T ∗X ⊗ End(TX), ∇X∇XJ ,∇XJ ∈ T ∗X ⊗ T ∗X ⊗ End(TX).
Theorem 1. The following formula holds:
(1.9)
ρ(x0) =−
n∑
j,k=1
8
aj + ak
〈
(∇X∇XJ )
(
∂
∂zj
,
∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
+
n∑
j=1
1
aj
(
tr|TX(∇X∇XJ )
(
∂
∂zj
,
∂
∂z¯j
)
− tr|TX
(
∇X∇X |J |
)
(
∂
∂zj
,
∂
∂z¯j
)
)
.
+
n∑
j,k,ℓ=1
8
9ak(aj + aℓ)
∣∣∣∣
〈
(∇X∂
∂zk
J ) ∂
∂z¯j
, ∂
∂z¯ℓ
〉∣∣∣∣
2
+
n∑
j,k,ℓ=1
8
ak(aj + ak + aℓ)
∣∣∣∣
〈
(∇X∂
∂z¯k
J ) ∂
∂z¯j
, ∂
∂z¯ℓ
〉∣∣∣∣
2
.
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Here all the tensors are evaluated at x0 and the covariant derivatives are taken
with respect to normal coordinates at x0 defined by the base (1.8).
The proof of this theorem heavily relies on methods and results developed by
Ma and Marinescu [9, 10]. First, we use the fact that the spectral density function
coincides with the leading coefficient in the asymptotic expansion of the generalized
Bergman kernel P1,p of the renormalized Bochner Laplacian ∆p as p → ∞, that
was first observed by Guillemin and Uribe in [3] and extended and refined by Ma
and Marinescu [10]. In [10], Ma and Marinescu developed a method to compute
the coefficients in the asymptotic expansion of the generalized Bergman kernel by
recurrence. Using this method, they obtained an integral formula for the first two
coefficients and computed explicitly some of them under assumption J0 = J . It
should be noted that the paper [1] is also dedicated to the computation of the
spectral density function under assumption J0 = J (concerning this computation,
see [10, Remark 3.2]). In the current paper, we start with the formula of Ma-
Marinescu and complete the computation of the leading coefficient in the general
case, that results in Theorem 1.
The spectral density function appears in the asymptotic formula for the low-lying
eigenvalues of the Bochner Laplacian with discrete wells proved in [6]. Therefore, as
application of Theorem 1, we obtain some additional information on these formulas,
which we briefly recall. In the current setting, assume that each minimum x0 ∈ X
of the function τ is non-degenerate (the assumption of discrete wells). Let x0 ∈ X
be such a minimum: τ(x0) = τ0 := minx∈X τ(x). Denote by Qx0 the second order
term in the Taylor expansion of τ at x0 (in normal coordinates near x0):
Qx0(Z) =
(
1
2
Hess τ(x0)Z,Z
)
, Z ∈ Tx0X ∼= R2n.
It is a positive definite quadratic form on Tx0X . The model operator Dx0 associated
with x0 is the Toeplitz operator in L
2(Tx0X) defined by
Dx0 = Px0(Qx0(Z) + ρ(x0)) : kerLx0 → kerLx0,
where Lx0 is the model operator associated with x0, Px0 is its Bergman projection
(see (2.1) and (2.5) below for the definitions) and ρ is the spectral density function.
Dx0 is an unbounded self-adjoint operator with discrete spectrum.
Under the assumption of discrete wells, the minimum set W = {x ∈ X : τ(x) =
τ0} is a finite set: W = {x1, . . . , xN}. Consider the self-adjoint operator D =
Dx1 ⊕ . . . ⊕ DxN on L2(Tx1X) ⊕ . . . ⊕ L2(TxNX) and denote by {µj} the non-
decreasing sequence of its eigenvalues (counted with multiplicities). If {λj(∆Lp)}
is the non-decreasing sequence of the eigenvalues of the Bochenr Laplacian ∆L
p
(counted with multiplicities), then, by Theorem 1.1 in [6], for any j ∈ N, we have
λj(∆
Lp) = pτ0 + µj +O(p−1/2), p→∞.
Thus, Theorem 1 completes the description of the model operator D, providing
explicit expressions for its constant terms ρ(x0) and, therefore, for the constants
µj.
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Let us recall the relation of our Bochner Laplacian with the semiclasssical mag-
netic Schro¨dinger operator. Assume that the Hermitian line bundle (L, hL) on X
is trivial, that is, L = X × C and |(x, z)|2hL = |z|2 for (x, z) ∈ X × C. Then the
Hermitian connection ∇L can be written as ∇L = d − iA with some real-valued
1-form A (the magnetic potential). Its curvature RL is given by
RL = −iB,
where B = dA is a real-valued 2-form (the magnetic field). For the form ω defined
by (1.1), we have
ω =
1
2π
B.
The associated Bochner Laplacian ∆L
p
is related with the semiclassical magnetic
Schro¨dinger operator
H~ = (i~d+A)∗(i~d+A), ~ > 0
by the formula
∆L
p
= ~2H~, ~ =
1
p
, p ∈ N.
Let B : TX → TX be a skew-adjoint endomorphism such that
B(u, v) = g(Bu, v), u, v ∈ TX.
Then we have
J0 =
1
2π
B, J = B(B∗B)−1/2, J = −iB.
Finally, the function τ coincides with the magnetic intensity:
τ =
1
2
Tr(B∗B)1/2 = Tr+(B).
We are grateful to X. Ma and G. Marinescu for useful discussions.
2. Preliminaries
2.1. The model operator. Let x0 ∈ X be an arbitrary point, which will be fixed
from now on. Consider a second order differential operator Lx0 in C∞(Tx0X) given
by
(2.1) Lx0 = −
2n∑
j=1
(∇ej + 12RLx0(Z, ej))2 − τ(x0),
where {ej}j=1,...,2n is an orthonormal base in Tx0X . Here, for U ∈ Tx0X , we denote
by ∇U the ordinary operator of differentiation in the direction U on C∞(Tx0X).
The operator Lx0 is well-defined, that is, it is independent of the choice of the base.
From now on, we will assume that an orthonormal base {ej}j=1,...,2n in Tx0X is
given by (1.8) and use the associated coordinates Z ∈ R2n on Tx0X as well as the
complex coordinates z ∈ Cn. Thus, we have
Jx0
∂
∂zj
=i ∂
∂zj
, Jx0
∂
∂z¯j
= −i ∂
∂z¯j
, j = 1, . . . , n,(2.2)
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Jx0 ∂∂zj =aj ∂∂zj , Jx0 ∂∂z¯j = −aj ∂∂z¯j , j = 1, . . . , n,(2.3)
|J | ∂
∂zj
=aj
∂
∂zj
, |J | ∂
∂z¯j
= aj
∂
∂z¯j
, j = 1, . . . , n,(2.4)
and
τ(x0) = −1
2
iTr(Jx0Jx0) =
1
2
Tr(|Jx0|) =
n∑
j=1
aj.
As in [10, Section 1.4], we write L = Lx0 in terms of the creation and annihilation
operators. Define first order differential operators bj , b
+
j , j = 1, . . . , n, on R
2n ∼=
Tx0X by
bj = −2 ∂∂zj + 12aj z¯j , b
+
j = 2
∂
∂z¯j
+ 1
2
ajzj , j = 1, . . . , n.
Then b+j is the formal adjoint of bj on L
2(R2n), and
L =
n∑
j=1
bjb
+
j .
Define a function Px0 ∈ C∞(R2n × R2n) by
(2.5) Px0(Z,Z ′) =
1
(2π)n
n∏
j=1
aj exp
(
−1
4
n∑
k=1
ak(|zk|2 + |z′k|2 − 2zkz¯′k)
)
.
It is the Bergman kernel of the operator L, that is, the smooth kernel with respect
to dZ of the orthogonal projection P = Px0 in L2(R2n) to the kernel of L.
2.2. Relation with generalized Bergman kernels. Here we recall a descrip-
tion of the spectral density function in terms of the asymptotic expansion of the
generalized Bergman kernel P1,p of the renormalized Bochner Laplacian ∆p as
p→∞, first observed by Guillemin and Uribe in [3] and extended and refined by
Ma and Marinescu [10].
First, we introduce normal coordinates near x0. Let a
X be the injectivity radius
of (X, g). We will identify BTx0X(0, aX) with BX(x0, a
X) by the exponential map
expX : Tx0X → X . For Z ∈ BTx0X(0, aX) we identify LZ to Lx0 by parallel
transport with respect to the connection ∇L along the curve γZ : [0, 1] ∋ u →
expXx0(uZ). Consider the line bundle L0 with fibers Lx0 on Tx0X . Denote by ∇L,
hL the connection and the metric on the restriction of L0 to B
Tx0X(0, aX) induced
by the identification BTx0X(0, aX) ∼= BX(x0, aX) and the trivialization of L over
BTx0X(0, aX).
Let dvTX be the Riemannian volume form of (Tx0X, g
Tx0X) and dvX the vol-
ume form on BTx0X(0, aX), corresponding to the Riemannian volume form dvX
on BX(x0, a
X) under identification BTx0X(0, aX) ∼= BX(x0, aX). Let κx0 be the
smooth positive function on BTx0X(0, aX) defined by the equation
dvX(Z) = κx0(Z)dvTX(Z), Z ∈ BTx0X(0, aX).
Let PHp be the orthogonal projection from L
2(X,Lp) onto Hp. Denote by
Pq,p(x, x
′), x, x′ ∈ X the smooth kernel of the operator ∆qpPHp with respect to
THE SPECTRAL DENSITY FUNCTION OF THE BOCHNER LAPLACIAN 7
the Riemannian volume form dvX , which is called a generalized Bergman kernel of
∆p. Under our trivialization, it induces a smooth function Pq,p,x0(Z,Z
′) on the set
of all Z,Z ′ ∈ Tx0X with x0 ∈ X and |Z|, |Z ′| < aX . For any k ∈ N and x0 ∈ X ,
we have (see [5, Theorem 1.1])
(2.6) p−nPq,p,x0(Z,Z
′) ∼=
k∑
r=2q
Fq,r,x0(
√
pZ,
√
pZ ′)κ
−1
2
x0 (Z)κ
−1
2
x0 (Z
′)p−
r
2
+q,
where
(2.7) Fq,r,x0(Z,Z
′) = Jq,r,x0(Z,Z
′)Px0(Z,Z ′),
Jq,r,x0(Z,Z
′) are polynomials in Z,Z ′, depending smoothly on x0, with the same
parity as r and deg Jq,r,x0 ≤ 3r.
This means that there exist ε ∈ (0, aX ] and C0 > 0 with the following property:
for any l ∈ N, there exist C > 0 and M > 0 such that for any x0 ∈ X , p ≥ 1 and
Z,Z ′ ∈ Tx0X , |Z|, |Z ′| < ε, we have∣∣∣∣∣p−nPq,p,x0(Z,Z ′)κ
1
2
x0(Z)κ
1
2
x0(Z
′)−
k∑
r=2q
Fq,r,x0(
√
pZ,
√
pZ ′)p−
r
2
+q
∣∣∣∣∣
Cl(X)
≤ Cp−k+12 +q(1 +√p|Z|+√p|Z ′|)M exp(−
√
C0p|Z − Z ′|) +O(p−∞).
This estimate was introduced in [2] for the spinc Dirac operator and q = 0 and
in [9, 10] for the Ka¨hler case and arbitrary q (see also [7] for the renormalized
Bochner Laplacian in the case q = 0).
The leading coefficients of these expansions satisfy
(2.8) Jq,2q,x0(Z,Z
′) = Jq,2q,x0(0, 0) = (J1,2,x0(0, 0))
q, Z, Z ′ ∈ Tx0X.
To prove these identities, one can use Toeplitz operator calculus introduced in
[9, 11] for spinc Dirac operator and Ka¨hler case (also with an auxiliary bundle) and
extended to the case under consideration in [4, 5]. Using the asymptotic expansions
of the generalized Bergman kernels mentioned above and the characterization of
Toeplitz operators in terms of their Schwartz kernels [4, 5], one can show that the
operator ∆qpPHp is a Toeplitz operator. Then the identites (2.8) are easily derived
from the properties of Toeplitz operators ([4, 5], in particular, [4, Proposition 4.3]).
See also [10] (in particular, [10, (2.31)]) for another approach.
Finally, by [10, Theorem 3.1], the spectral density function ρ is related with the
coefficient J1,2 by
ρ(x0) = J1,2,x0(0, 0).
2.3. Ma-Marinescu formula. Here we recall a formula for the coefficient F1,2,x0
proved by Ma and Marinescu (see Subsection 2.1, in particular, the formula (2.12)
in [10]). Recall that we identify Z ∈ R2n with the tangent vector Z =∑2nj=1Zjej ∈
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Tx0X . One can write
(2.9) Z =
n∑
j=1
zj
∂
∂zj
+
n∑
j=1
z¯j
∂
∂z¯j
,
where zj = Z2j−1+ iZ2j , j = 1, . . . , n. Denote by RTX the curvature of ∇TX . Then
(2.10) F1,2,x0(Z,Z
′) = [Px0F1,2,x0Px0 ](Z,Z ′),
where F1,2,x0 is an unbounded linear operator in L2(Tx0X) given by
(2.11) F1,2,x0 = 4
n∑
j,k=1
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
+
n∑
j=1
〈
(∇X∇XJ )(Z,Z) ∂∂zj , ∂∂z¯j
〉
− 1
4
tr|TX
(
∇X∇X |J |
)
(Z,Z)
+
1
9
|(∇XZJ )Z|2 +
4
9
n∑
j,j′=1
〈
(∇XZJ )Z, ∂∂zj
〉
b+j L−1bj′
〈
(∇XZ J )Z, ∂∂z¯j′
〉
.
Here and later on, all tensors are evaluated at x0, and we omit subscript x0. We
identify a function f(Z) on Tx0X
∼= R2n with the corresponding multiplication
operator in L2(Tx0X).
2.4. Some preliminary considerations. By (1.1), (1.3) and (1.7), we have
(2.12) 〈J V,W 〉 = RL(V,W ), V,W ∈ TX.
It follows that
(2.13) 〈(∇XUJ )V,W 〉 = (∇XURL)(V,W ), U, V,W ∈ TX.
Using the fact that the 2-form RL is closed, one can show that
(2.14) 〈(∇XUJ )V,W 〉+ 〈(∇XV J )W,U〉+ 〈(∇XWJ )U, V 〉 = 0, U, V,W ∈ TX.
Note that, by (2.12), we easily get
〈|J |U, V 〉 = iRL(U, JV ), U, V ∈ TX.
For any j = 1, . . . , n, define a bilinear form qj on Tx0X
∼= R2n by
qj(U, V ) =
〈
(∇XUJ )V, ∂∂z¯j
〉
, U, V ∈ Tx0X.
Since J is purely imaginary (cf. (2.13)), we have
qj(U, V ) = −
〈
(∇XUJ )V, ∂∂zj
〉
, U, V ∈ Tx0X.
Using this notation, we can rewrite (2.11) as follows:
F1,2,x0 = 4
n∑
j,k=1
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
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+Q2(Z,Z) +Q4(Z)− 4
9
n∑
j,j′=1
qj(Z,Z)b
+
j L−1bj′qj′(Z,Z),
where Q2 is a bilinear form on Tx0X given by
Q2(U, V ) =
n∑
j=1
〈
(∇X∇XJ )(U,V ) ∂∂zj , ∂∂z¯j
〉
−1
4
tr|TX
(
∇X∇X |J |
)
(U,V )
, U, V ∈ Tx0X.
and Q4 is given by
Q4(Z) =
1
9
|(∇XZJ )Z|2 =
4
9
n∑
j=1
|qj(Z,Z)|2 , Z ∈ Tx0X.
Accordingly, we have
(2.15) J1,2(0, 0) = A0 + A1 + A2 − A3,
where
A0 =4
n∑
j,k=1
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
,
A1 =
1
P(0, 0)[PQ2P](0, 0), A2 =
1
P(0, 0)[PQ4P](0, 0),
A3 =
4
9P(0, 0)
n∑
j,j′=1
[Pqj(Z,Z)b+j L−1bj′qj′(Z,Z)P](0, 0)
By (2.9), we can write
(2.16) qj(Z,Z) =
n∑
k,ℓ=1
(qj,kℓzkzℓ + qj,kℓ¯zkz¯ℓ + qj,k¯ℓ¯z¯kz¯ℓ),
where
qj,kℓ =qj
(
∂
∂zk
, ∂
∂zℓ
)
=
〈
(∇X∂
∂zk
J ) ∂
∂zℓ
, ∂
∂z¯j
〉
,
qj,kℓ¯ =qj
(
∂
∂zk
, ∂
∂z¯ℓ
)
+ qj
(
∂
∂z¯ℓ
, ∂
∂zk
)
=
〈
(∇X∂
∂zk
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
+
〈
(∇X∂
∂z¯ℓ
J ) ∂
∂zk
, ∂
∂z¯j
〉
,
qj,k¯ℓ¯ =qj
(
∂
∂z¯k
, ∂
∂z¯ℓ
)
=
〈
(∇X∂
∂z¯k
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
.
Using the fact that ∇X∂/∂z¯kJ is skew-adjoint and (2.14), one can easily see that
(2.17) qℓ,k¯j¯ = −qj,k¯ℓ¯, qj,k¯j¯ = 0, qj,k¯ℓ¯ + qℓ,j¯k¯ + qk,ℓ¯j¯ = 0.
From the equality |qj,k¯ℓ¯ − qj,ℓ¯k¯|2 = |qk,j¯ℓ¯|2, we infer
(2.18) qj,k¯ℓ¯qj,ℓ¯k¯ + qj,k¯ℓ¯qj,ℓ¯k¯ = |qj,k¯ℓ¯|2 + |qj,ℓ¯k¯|2 − |qk,j¯ℓ¯|2.
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and
(2.19) |qj,k¯ℓ¯ + qj,ℓ¯k¯|2 = 2|qj,k¯ℓ¯|2 + 2|qj,ℓ¯k¯|2 − |qk,j¯ℓ¯|2.
2.5. Eigenfunctions and matrix coefficients of the model operator. Here
we recall some necessary information on the eigenvalues and the eigenfunctions of
the model operator L (see [10, Section 1.4]) and make some computations.
For any polynomial g(z, z¯) on z and z¯,
[bi, b
+
j ] = bib
+
j − b+j bi = −2aiδi j , [bi, bj] = [b+i , b+j ] = 0 ,(2.20)
[g(z, z¯), bj ] = 2
∂
∂zj
g(z, z¯), [g(z, z¯), b+j ] = −2 ∂∂z¯j g(z, z¯) .(2.21)
By [10, (1.98)], we have
(2.22) (b+j P)(Z,Z ′) = 0, (bjP)(Z,Z ′) = aj(z¯j − z¯′j)P(Z,Z ′).
We have for |α| > 0 and for any polynomial g(z, z¯)
Pbαg(z, z¯)P = 0.
Recall [10, Theorem 1.15] that the spectrum of L on L2(R2n) is given by
(2.23) σ(L) =
(
2
n∑
i=1
αiai : α = (α1, · · · , αn) ∈ Zn+
)
and an orthogonal basis of the eigenspace of 2
∑n
i=1 αiai is given by
(2.24) Φα,β = b
α
(
zβ exp
(
−1
4
n∑
i=1
ai|zi|2
))
, β ∈ Zn+.
So we have
(2.25) LΦα,β =
(
2
n∑
i=1
αiai
)
Φα,β, α, β ∈ Zn+.
In particular, an orthonormal basis of ker(L) is formed by the functions
(2.26) ϕβ(z) =
(
aβ
(2π)n2|β|β!
n∏
i=1
ai
)1/2
zβ exp
(
− 1
4
n∑
j=1
aj |zj |2
)
, β ∈ Zn+.
and, for |α| > 0,
(2.27) L−1Φα,β = 1
2
∑n
i=1 αiai
Φα,β .
Observe that, for any β ∈ Zn+,
zβP(Z, 0) =
(
2|β|β!
(2π)naβ
n∏
j=1
aj
)1/2
ϕβ(z).
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In particular, we have
P(0, 0) = 1
(2π)n
n∏
j=1
aj .
We will use this relation to simplify formulas.
Thus, for the L2-norms, we have
(2.28) ‖zβP(Z, 0)‖2L2 =
2|β|β!
aβ
P(0, 0), β ∈ Zn+.
It follows that
(2.29) ‖zβ z¯γP(Z, 0)‖2L2 =
2|β+γ|(β + γ)!
aβ+γ
P(0, 0), β, γ ∈ Zn+.
Using (2.20), (2.21) and (2.22), one can easily derive the following formulas for
any j, k = 1, . . . , n and β ∈ Zn+:
‖bj(zβP(Z, 0))‖2L2 = 2aj
2|β|β!
aβ
P(0, 0),(2.30)
‖bjbk(zβP(Z, 0))‖2L2 = 4(1 + δjk)ajak
2|β|β!
aβ
P(0, 0).(2.31)
3. Proof of Theorem 1
In this section, we compute the terms of (2.15) and prove Theorem 1.
3.1. Computation of A0. Using (2.3) and the fact that J is skew-adjoint, we
proceed as follows:〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
=− 1
ak
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
,J ∂
∂z¯k
〉
=
1
ak
〈
JRTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
=− aj
ak
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
− 1
ak
〈[
RTXx0
(
∂
∂zj
, ∂
∂zk
)
,J
]
∂
∂z¯j
, ∂
∂z¯k
〉
.
We infer that
(3.1)
〈
RTXx0
(
∂
∂zj
, ∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
= − 1
aj + ak
〈[
RTXx0
(
∂
∂zj
, ∂
∂zk
)
,J
]
∂
∂z¯j
, ∂
∂z¯k
〉
.
Recall the following identity ([10, (2.2)]): for any A ∈ End(TX),
(3.2) (∇X∇XA)(U,V ) − (∇X∇XA)(V,U) =
[
RTX(U, V ), A
]
.
By (3.1) and (3.2), we get
(3.3) A0 = −
n∑
j,k=1
4
aj + ak
〈(
(∇X∇XJ )
(
∂
∂zj
,
∂
∂zk
)
− (∇X∇XJ )
(
∂
∂zk
,
∂
∂zj
)
)
∂
∂z¯j
, ∂
∂z¯k
〉
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= −
n∑
j,k=1
8
aj + ak
〈
(∇X∇XJ )
(
∂
∂zj
,
∂
∂zk
)
∂
∂z¯j
, ∂
∂z¯k
〉
.
3.2. Computation of A1. Let q be a quadratic function on R
2n of the form
q(Z) = Q(Z,Z) with some bilinear form Q (not necessarily, symmetric). As above,
we can write
q(Z) =
n∑
k,ℓ=1
(qkℓzkzℓ + qkℓ¯zkz¯ℓ + qk¯ℓ¯z¯kz¯ℓ),
where
qkℓ = Q
(
∂
∂zk
, ∂
∂zℓ
)
, qk¯ℓ¯ = Q
(
∂
∂z¯k
, ∂
∂z¯ℓ
)
, qkℓ¯ = Q
(
∂
∂zk
, ∂
∂z¯ℓ
)
+Q
(
∂
∂z¯ℓ
, ∂
∂zk
)
,
Using (2.22), (2.21) and (2.25), it is easy to see that
PzkzℓP(0, 0) = P z¯kz¯ℓP(Z, 0) = 0, Pzkz¯ℓP(Z, 0) = 2
aℓ
δkℓP(Z, 0).
Therefore, we get
(3.4) [Pq(Z)P](0, 0) =
n∑
j=1
2
aj
qjj¯P(0, 0).
By (3.2), (2.3) and the fact that J is skew-adjoint, we have〈
(∇X∇XJ )
(
∂
∂zj
,
∂
∂z¯j
)
∂
∂zk
, ∂
∂z¯k
〉
−
〈
(∇X∇XJ )
(
∂
∂z¯j
,
∂
∂zj
)
∂
∂zk
, ∂
∂z¯k
〉
=
〈[
RTX
(
∂
∂zj
, ∂
∂z¯j
)
,J
]
∂
∂zk
, ∂
∂z¯k
〉
=
〈
RTX
(
∂
∂zj
, ∂
∂z¯j
)
J ∂
∂zk
, ∂
∂z¯k
〉
+
〈
RTX
(
∂
∂zj
, ∂
∂z¯j
)
∂
∂zk
,J ∂
∂z¯k
〉
= 0.
Similarly, by (3.2), (2.4) and the fact that |J | is self-adjoint, one can show that〈
(∇X∇X |J |)
(
∂
∂zj
,
∂
∂z¯j
)
∂
∂zk
, ∂
∂z¯k
〉
−
〈
(∇X∇X |J |)
(
∂
∂z¯j
,
∂
∂zj
)
∂
∂zk
, ∂
∂z¯k
〉
= 0.
Observe that, for any A ∈ End(Tx0X),
tr|TXA = 4
n∑
k=1
〈
A ∂
∂zk
, ∂
∂z¯k
〉
.
It follows that
Q2
(
∂
∂zj
, ∂
∂z¯j
)
= Q2
(
∂
∂z¯j
, ∂
∂zj
)
,
and, by (3.4), we get
(3.5) A1 =
n∑
j=1
1
aj
(
tr|TX(∇X∇XJ )
(
∂
∂zj
,
∂
∂z¯j
)
− tr|TX
(
∇X∇X |J |
)
(
∂
∂zj
,
∂
∂z¯j
)
)
.
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3.3. Computation of A2. One can write
A2 =
4
9
1
P(0, 0)
n∑
j=1
[P|qj(Z,Z)|2P](0, 0)
=
4
9
1
P(0, 0)
n∑
j=1
∫
P(0, Z)|qj(Z,Z)|2P(Z, 0)dZ = 4
9
1
P(0, 0)
n∑
j=1
‖qj(Z,Z)P(Z, 0)‖2L2.
By (2.16), (2.22) and (2.21), for any j = 1, 2, . . . , n, we have
qj(Z,Z)P(Z, 0) =
n∑
k,ℓ=1
(qj,kℓzkzℓP(Z, 0) + qj,kℓ¯zkz¯ℓP(Z, 0) + qj,k¯ℓ¯z¯kz¯ℓP(Z, 0))
=
n∑
k,ℓ=1
qj,kℓzkzℓP(Z, 0) +
n∑
k,ℓ=1
1
aℓ
qj,kℓ¯bℓzkP(Z, 0)
+
n∑
k,ℓ=1
2
aℓ
qj,kℓ¯δkℓP(Z, 0) +
n∑
k,ℓ=1
qj,k¯ℓ¯
1
akaℓ
bkbℓP(Z, 0).
Since Φα,β are orthogonal, we get
‖qj(Z,Z)P(Z, 0)‖2L2
=
n∑
k=1
|qj,kk|2‖z2kP(Z, 0)‖2L2 +
∑
k<ℓ
|qj,kℓ + qj,ℓk|2‖zkzℓP(Z, 0)‖2L2
+
n∑
k,ℓ=1
1
a2ℓ
∣∣qj,kℓ¯∣∣2 ‖bℓzkP(Z, 0)‖2L2 +
n∑
k,ℓ=1
4
a2ℓ
∣∣qj,kℓ¯∣∣2 δkℓ‖P(Z, 0)‖2L2
+
n∑
k=1
|qj,k¯k¯|2
1
a4k
‖b2kP(Z, 0)‖2L2 +
n∑
k<ℓ
|qj,k¯ℓ¯ + qj,ℓ¯k¯|2
1
a2ka
2
ℓ
‖bkbℓP(Z, 0)‖2L2.
Using (2.28), (2.29) and (2.30), we get
‖qj(Z,Z)P(Z, 0)‖2L2
=
n∑
k,ℓ=1
1
akaℓ
(
2|qj,kℓ + qj,ℓk|2 + 4(1 + δkℓ)
∣∣qj,kℓ¯∣∣2 + 2|qj.k¯ℓ¯ + qj.ℓ¯k¯|2)P(0, 0).
and
(3.6) A2 =
n∑
j,k,ℓ=1
8
9akaℓ
(
|qj,kℓ + qj,ℓk|2 + 2(1 + δkℓ)
∣∣qj,kℓ¯∣∣2 + |qj.k¯ℓ¯ + qj.ℓ¯k¯|2) .
3.4. Computation of A3. Observe that
P q¯jb+j L−1bj′qj′P(0, 0) =
∫
[P q¯jb+j ](0, Z)[L−1bj′qj′P](Z, 0)dZ
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where [P q¯jb+j ](Z,Z ′) and [L−1bj′qj′P](Z,Z ′) are the Schwartz kernels of the oper-
ators P q¯jb+j and L−1bj′qj′P with respect to dZ. The operator P q¯jb+j is the adjoint
of the operator bjqjP in L2(R2n). Therefore, we have
[P q¯jb+j ](Z,Z ′) = [bjqjP](Z ′, Z).
It follows that
(3.7) P q¯jb+j L−1bj′qj′P(0, 0) =
(L−1bj′qj′P(Z, 0), bjqjP(Z, 0))L2 ,
where (·, ·)L2 denotes the inner product in L2(R2n). Let us compute the inner
product in the right-hand side of (3.7). By (2.16), (2.22) and (2.21), we get
(3.8)
bjqjP(Z, 0) =
n∑
k,ℓ=1
qj,kℓbjzkzℓP(Z, 0) +
n∑
k,ℓ=1
qj,kℓ¯
1
aℓ
bjbℓzkP(Z, 0)
+
n∑
k=1
qj,kk¯
2
ak
bjP(Z, 0) +
n∑
k,ℓ=1
qj,k¯ℓ¯
1
akaℓ
bjbkbℓP(Z, 0)
=u1(Z) + u2(Z) + u3(Z) + u4(Z).
Now we use (2.27):
(3.9) L−1bj′qj′P(Z, 0) =
n∑
k′,ℓ′=1
qj′,k′ℓ′
1
2aj′
bj′zk′zℓ′P(Z, 0)
+
n∑
k′,ℓ′=1
qj′,k′ℓ¯′
1
aℓ′
1
2(aj′ + aℓ′)
bj′bℓ′zk′P(Z, 0) +
n∑
k′=1
qj′,k′k¯′
1
ak′aj′
bj′P(Z, 0)
+
n∑
k′,ℓ′=1
qj′,k¯′ℓ¯′
1
ak′aℓ′
1
2(aj′ + ak′ + aℓ′)
bj′bk′bℓ′P(Z, 0)
=v1(Z) + v2(Z) + v3(Z) + v4(Z).
We use (3.8) and (3.9) to compute the right-hand side of (3.7). Since Φα,β are
orthogonal, the terms uj, j = 1, 2, 3, 4, in the right-hand side of (3.8) (accordingly,
the terms vj , j = 1, 2, 3, 4, in the right-hand side of (3.9)) are mutually orthogonal.
Therefore, the right-hand side of (3.7) is the sum of four terms, each term is the
inner product of the corresponding terms in the right-hand side of (3.8) and (3.9):
(3.10) A3 =
4
9P(0, 0)(I1 + I2 + I3 + I4), Ij = (uj, vj)L2, j = 1, 2, 3, 4.
We compute these inner products. For the first three of them, we get
I1 =
n∑
j,k=1
|qj,kk|2 1
2aj
‖bjz2kP(Z, 0)‖2L2 +
n∑
j=1
∑
k<ℓ
|qj,kℓ + qj,ℓk|2 1
2aj
‖bjzkzℓP(Z, 0)‖2L2
=
n∑
j,k,ℓ=1
|qj,kℓ + qj,ℓk|2 2
akaℓ
P(0, 0);
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I2 =
n∑
j,k=1
|qj,kj¯|2
1
4a3j
‖b2jzkP(Z, 0)‖2L2
+
n∑
k=1
∑
j 6=ℓ
∣∣∣∣qj,kℓ¯ 1aℓ + qℓ,kj¯
1
aj
∣∣∣∣
2
1
4(aj + aℓ)
‖bjbℓzkP(Z, 0)‖2L2
=
n∑
j,k=1
|qj,kj¯|2
4
akaj
P(0, 0) +
n∑
k=1
∑
j 6=ℓ
∣∣∣∣qj,kℓ¯ 1aℓ + qℓ,kj¯
1
aj
∣∣∣∣
2
2ajaℓ
ak(aj + aℓ)
P(0, 0)
=
n∑
j,k,ℓ=1
(
|qj,kℓ¯|2
4aj
akaℓ(aj + aℓ)
+ (qj,kℓ¯qℓ,kj¯ + qj,kℓ¯qℓ,kj¯)
2
ak(aj + aℓ)
)
P(0, 0);
I3 =
n∑
k=1
|qj,kk¯|2
2
a2kaj
‖bjP(Z, 0)‖2L2 =
n∑
k=1
|qj,kk¯|2
4
a2k
P(0, 0).
Finally, for I4, we can write
I4 =
∑
j 6=k
∣∣∣∣qj,j¯k¯ 1ajak + qj,k¯j¯
1
akaj
+ qk,j¯j¯
1
a2j
∣∣∣∣
2
1
2(2aj + ak)
‖b2jbkP(Z, 0)‖2
+
∑
j<k<ℓ
∣∣∣∣∣
∑
j′,k′,ℓ′
qj′,k¯′ℓ¯′
1
ak′aℓ′
∣∣∣∣∣
2
1
2(aj + ak + aℓ)
‖bjbkbℓP(Z, 0)‖2,
where the last sum is taken over all permutations (j′, k′, ℓ′) of j, k, ℓ. Taking into
account (2.17), we get
I4 =
n∑
j,k=1
∣∣∣∣qj,j¯k¯ 1ajak + qj,k¯j¯
1
akaj
+ qk,j¯j¯
1
a2j
∣∣∣∣
2 8a2jak
2aj + ak
P(0, 0)
+
∑
j<k<ℓ
∣∣∣∣∣
∑
j′,k′,ℓ′
qj′,k¯′ℓ¯′
1
ak′aℓ′
∣∣∣∣∣
2
4ajakaℓ
aj + ak + aℓ
P(0, 0)
=
n∑
j,k=1
|qk,j¯j¯ |2
8(aj − ak)2
a2jak(2aj + ak)
P(0, 0)
+
∑
j 6=k 6=ℓ 6=j
∣∣qj,k¯ℓ¯(aj − aℓ) + qℓ,j¯k¯(aℓ − ak) + qk,ℓ¯j¯(ak − aj)∣∣2×
× 2
3ajakaℓ(aj + ak + aℓ)
P(0, 0)
=
n∑
j,k,ℓ=1
|qj,k¯ℓ¯|2
2(aj − aℓ)2
ajakaℓ(aj + ak + aℓ)
P(0, 0)
−
n∑
j,k,ℓ=1
(qj,k¯ℓ¯qj,ℓ¯k¯ + qj,k¯ℓ¯qj,ℓ¯k¯)
2(aj − aℓ)(ak − aj)
ajakaℓ(aj + ak + aℓ)
P(0, 0).
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Now we compute A2 − A3. It is easy to see that the terms, containing qj,kℓ.
cancel:
n∑
j,k,ℓ=1
8
9akaℓ
|qj,kℓ + qj,ℓk|2 − 4
9P(0, 0)I1 = 0.
Therefore, we get
(3.11) A2 − A3 = J1 + J2,
where J1 contains the terms with qj,kℓ¯ and J2 with qj,k¯ℓ¯. For J1, we have
J1 =
n∑
j,k,ℓ=1
16
9akaℓ
(1 + δkℓ)
∣∣qj,kℓ¯∣∣2 − 49P(0, 0)(I2 + I3).
Using the above expressions for I2 and I3, we compute:
J1 =
n∑
j,k,ℓ=1
( 16
9akaℓ
∣∣qj,kℓ¯∣∣2 − |qj,kℓ¯|2 16aj9akaℓ(aj + aℓ)
− (qj,kℓ¯qℓ,kj¯ + qj,kℓ¯qℓ,kj¯)
8
9ak(aj + aℓ)
)
=
n∑
j,k,ℓ=1
8
9ak(aj + aℓ)
∣∣qj,kℓ¯ − qℓ,kj¯∣∣2 .
Since, by (2.14), we have
qj,kℓ¯ − qℓ,kj¯ =
〈
(∇X∂
∂z¯ℓ
J ) ∂
∂zk
, ∂
∂z¯j
〉
−
〈
(∇X∂
∂z¯j
J ) ∂
∂zk
, ∂
∂z¯ℓ
〉
=
〈
(∇X∂
∂z¯ℓ
J ) ∂
∂zk
, ∂
∂z¯j
〉
+
〈
(∇X∂
∂z¯j
J ) ∂
∂z¯ℓ
, ∂
∂zk
〉
= −
〈
(∇X∂
∂zk
J ) ∂
∂z¯j
, ∂
∂z¯ℓ
〉
,
we conclude that
(3.12) J1 =
n∑
j,k,ℓ=1
8
9ak(aj + aℓ)
∣∣∣∣
〈
(∇X∂
∂zk
J ) ∂
∂z¯j
, ∂
∂z¯ℓ
〉∣∣∣∣
2
.
For J2, we have
J2 =
n∑
j,k,ℓ=1
8
9akaℓ
|qj.k¯ℓ¯ + qj.ℓ¯k¯|2 −
4
9P(0, 0)I4.
Using the above expression for I4, (2.18) and (2.19), after routine computations,
we get
(3.13) J2 =
n∑
j,k,ℓ=1
|qj.k¯ℓ¯|2
8
ak(aj + ak + aℓ)
.
Combining (3.3), (3.5), (3.11), (3.12) and (3.13), we obtain (1.9).
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4. Some particular cases
In this section, we rewrite the main formula (1.9) in terms of the polar decom-
position of J . This allows us to write the formula for some particular cases. Thus,
we will write J = −iJ |J | and use the identities
(4.1) ∇XUJ = −i∇XU J ◦ |J | − iJ ◦ ∇XU |J |
(4.2) (∇X∇XJ )(U,V ) = −i(∇X∇XJ)(U,V ) ◦ |J | − i∇XU J ◦ ∇XV |J |
− i∇XV J ◦ ∇XU |J | − iJ ◦ (∇X∇X |J |)(U,V )
4.1. Preliminary computations. First, we will perform the computations for
the matrix coefficients of the first and second order covariant derivatives of J .
Using (2.2), (2.4) and (4.1), we get〈
(∇X∂
∂z¯k
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
=− i
〈
(∇X∂
∂z¯k
J)|J | ∂
∂z¯ℓ
, ∂
∂z¯j
〉
− i
〈
J(∇X∂
∂z¯k
|J |) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
=− iaℓ
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
+
〈
∇X∂
∂z¯k
|J | ∂
∂z¯ℓ
, ∂
∂z¯j
〉
.
On the other hand we can write〈
(∇X∂
∂z¯k
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
= −
〈
(∇X∂
∂z¯k
J ) ∂
∂z¯j
, ∂
∂z¯ℓ
〉
and apply then the above formula to the right-hand side. We get
− iaℓ
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
+
〈
∇X∂
∂z¯k
|J | ∂
∂z¯ℓ
, ∂
∂z¯j
〉
= iaj
〈
(∇X∂
∂z¯k
J) ∂
∂z¯j
, ∂
∂z¯ℓ
〉
−
〈
∇X∂
∂z¯k
|J | ∂
∂z¯j
, ∂
∂z¯ℓ
〉
Using the fact that ∇X∂/∂z¯kJ is skew-adjoint and ∇X∂/∂z¯k |J | is self-adjoint, we get
(4.3)
〈
(∇X∂
∂z¯k
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
=
aℓ + aj
2
i
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
.
Next, we claim that
(4.4)
〈
(∇X∂
∂z¯k
J ) ∂
∂zℓ
, ∂
∂z¯j
〉
=
〈
∇X∂
∂z¯k
|J | ∂
∂zℓ
, ∂
∂z¯j
〉
.
Indeed, by (4.1), we have〈
(∇X∂
∂z¯k
J ) ∂
∂zℓ
, ∂
∂z¯j
〉
= −i
〈
(∇X∂
∂z¯k
J)|J | ∂
∂zℓ
, ∂
∂z¯j
〉
− i
〈
J∇X∂
∂z¯k
|J | ∂
∂zℓ
, ∂
∂z¯j
〉
.
Since ∇X∂/∂z¯kJ takes T
(1,0)
x0 X to T
(0,1)
x0 X , the first term in the right-hand side van-
ishes, that immediately completes the proof of (4.4).
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Finally, we observe that
(4.5)
〈
(∇X∂
∂zk
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
=
〈
∇X∂
∂z¯ℓ
|J | ∂
∂zk
, ∂
∂z¯j
〉
−
〈
∇X∂
∂z¯j
|J | ∂
∂zk
, ∂
∂z¯ℓ
〉
.
Indeed, by (2.14) and (4.4), we get
〈
(∇X∂
∂zk
J ) ∂
∂z¯ℓ
, ∂
∂z¯j
〉
= −
〈
(∇X∂
∂z¯ℓ
J ) ∂
∂z¯j
, ∂
∂zk
〉
−
〈
(∇X∂
∂z¯j
J ) ∂
∂zk
, ∂
∂z¯ℓ
〉
=
〈
∇X∂
∂z¯ℓ
|J | ∂
∂zk
, ∂
∂z¯j
〉
−
〈
∇X∂
∂z¯j
|J | ∂
∂zk
, ∂
∂z¯ℓ
〉
.
Now we compute the second order derivatives. For any α, β, γ, δ = 1, . . . , n,
using (2.2), (2.4) and (4.2), we get
〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
=− iaγ
〈
(∇X∇XJ)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
− i
〈
(∇X∂
∂zα
J)(∇X∂
∂z¯β
|J |) ∂
∂zγ
, ∂
∂z¯δ
〉
− i
〈
(∇X∂
∂z¯β
J)(∇X∂
∂zα
|J |) ∂
∂zγ
, ∂
∂z¯δ
〉
+
〈
(∇X∇X |J |)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
.
Since J2 = −I, we have
(4.6) (∇X∇XJ)(U,V ) ◦ J +∇XU J ◦ ∇XV J
+∇XV J ◦ ∇XU J + J ◦ (∇X∇XJ)(U,V ) = 0.
By (2.2) and (4.6), we get
iaγ
〈
(∇X∇XJ)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
=
aγ
2
〈(
J ◦ (∇X∇XJ)
(
∂
∂zα
,
∂
∂z¯β
)
+ (∇X∇XJ)
(
∂
∂zα
,
∂
∂z¯β
)
◦ J
)
∂
∂zγ
, ∂
∂z¯δ
〉
= −aγ
2
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
J) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
.
So we get〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
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=
aγ
2
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
J) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
− i
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
|J |) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
|J |)
)
∂
∂zγ
, ∂
∂z¯δ
〉
+
〈
(∇X∇X |J |)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
.
Now we write〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
= −
〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂z¯δ
, ∂
∂zγ
〉
and apply to the right-hand side the similar arguments as above. We get〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
=− aδ
2
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
J) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
− i
〈(
(∇X∂
∂z¯β
|J |)(∇X∂
∂zα
J) + (∇X∂
∂zα
|J |)(∇X∂
∂z¯β
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
+
〈
(∇X∇X |J |)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
.
Taking the sum of these identities, we arrive at the formula:
(4.7)
〈
(∇X∇XJ )
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
=− aγ + aδ
4
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
J) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
− 1
2
i
〈(
(∇X∂
∂zα
J)(∇X∂
∂z¯β
|J |) + (∇X∂
∂z¯β
J)(∇X∂
∂zα
|J |)
)
∂
∂zγ
, ∂
∂z¯δ
〉
− 1
2
i
〈(
(∇X∂
∂z¯β
|J |)(∇X∂
∂zα
J) + (∇X∂
∂zα
|J |)(∇X∂
∂z¯β
J)
)
∂
∂zγ
, ∂
∂z¯δ
〉
+
〈
(∇X∇X |J |)
(
∂
∂zα
,
∂
∂z¯β
)
∂
∂zγ
, ∂
∂z¯δ
〉
.
4.2. The formula in terms of the polar decomposition of J . Now we will
use the formulas obtained in the previous section to rewrite the formula (1.9) in
terms of the polar decomposition of J . First, using (2.14), we write A0 + A1 in
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the form
A0 + A1 =
n∑
j,k=1
4(ak − aj)
aj(aj + ak)
〈
(∇X∇XJ )
(
∂
∂zj
,
∂
∂z¯j
)
∂
∂zk
, ∂
∂z¯k
〉
+
n∑
j,k=1
8
aj + ak
〈
(∇X∇XJ )
(
∂
∂zj
,
∂
∂z¯k
)
∂
∂zk
, ∂
∂z¯j
〉
.
By (4.7), (4.3) and (4.5), the formula (1.9) takes the form:
(4.8) ρ(x0) =
n∑
j,k=1
2ak(ak − aj)
aj(aj + ak)
×
×
〈(
(∇X∂
∂z¯j
J)(∇X∂
∂zj
J) + (∇X∂
∂zj
J)(∇X∂
∂z¯j
J)
)
∂
∂zk
, ∂
∂z¯k
〉
+ 2
n∑
j,k=1
〈(
(∇X∂
∂zj
J)(∇X∂
∂z¯k
J) + (∇X∂
∂z¯k
J)(∇X∂
∂zj
J)
)
∂
∂z¯j
, ∂
∂zk
〉
+
n∑
j,k=1
2(aj − ak)
aj(aj + ak)
i
〈(
(∇X∂
∂zj
J)(∇X∂
∂z¯j
|J |) + (∇X∂
∂z¯j
J)(∇X∂
∂zj
|J |)
+ (∇X∂
∂z¯j
|J |)(∇X∂
∂zj
J) + (∇X∂
∂zj
|J |)(∇X∂
∂z¯j
J)
)
∂
∂zk
, ∂
∂z¯k
〉
−
n∑
j,k=1
4i
aj + ak
〈(
(∇X∂
∂zj
J)(∇X∂
∂z¯k
|J |) + (∇X∂
∂z¯k
J)(∇X∂
∂zj
|J |)
+ (∇X∂
∂z¯k
|J |)(∇X∂
∂zj
J) + (∇X∂
∂zj
|J |)(∇X∂
∂z¯k
J)
)
∂
∂zk
, ∂
∂z¯j
〉
+
n∑
j,k=1
8
aj + ak
〈
(∇X∇X |J |)
(
∂
∂zj
,
∂
∂z¯k
)
∂
∂z¯j
− (∇X∇X |J |)
(
∂
∂zj
,
∂
∂z¯j
)
∂
∂z¯k
, ∂
∂zk
〉
+
n∑
j,k,ℓ=1
8
9ak(aj + aℓ)
∣∣∣∣∣
〈
(∇X∂
∂z¯ℓ
|J |) ∂
∂z¯j
− (∇X∂
∂z¯j
|J |) ∂
∂z¯ℓ
, ∂
∂zk
〉∣∣∣∣∣
2
+
n∑
j,k,ℓ=1
2(aℓ + aj)
2
ak(aj + ak + aℓ)
∣∣∣∣
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉∣∣∣∣
2
.
4.3. Almost-Ka¨hler case. Assume that J0 = J . Then |J | = 2πI, aj = 2π and
the formula (4.8) takes the form:
ρ(x0) =−
n∑
j,k=1
2
(〈
(∇X∂
∂zj
J) ∂
∂zk
, (∇X∂
∂z¯k
J) ∂
∂z¯j
〉
+
〈
(∇X∂
∂z¯k
J) ∂
∂zk
, (∇X∂
∂zj
J) ∂
∂z¯j
〉)
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+
8
3
n∑
j,k,ℓ=1
∣∣∣∣
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉∣∣∣∣
2
.
By [10, (2.15)], we have
n∑
k,ℓ=1
〈
(∇X∂
∂zk
J) ∂
∂zℓ
, (∇X∂
∂z¯k
J) ∂
∂z¯ℓ
〉
=
1
8
|∇XJ |2
and
n∑
k,ℓ=1
〈
(∇X∂
∂zk
J) ∂
∂zℓ
, (∇X∂
∂z¯ℓ
J) ∂
∂z¯k
〉
=
1
2
n∑
k,ℓ=1
〈
(∇X∂
∂zk
J) ∂
∂zℓ
, (∇X∂
∂z¯k
J) ∂
∂z¯ℓ
〉
=
1
16
|∇XJ |2.
By (4.5), we easily see that〈
(∇X∂
∂z¯k
J) ∂
∂zk
, (∇X∂
∂zj
J) ∂
∂z¯j
〉
= 0.
Finally, we observe that
n∑
j,k,ℓ=1
∣∣∣∣
〈
(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
, ∂
∂z¯j
〉∣∣∣∣
2
=
1
2
n∑
k,ℓ=1
∣∣∣∣(∇X∂
∂z¯k
J) ∂
∂z¯ℓ
∣∣∣∣
2
=
1
2
n∑
k,ℓ=1
〈
(∇X∂
∂zk
J) ∂
∂zℓ
, (∇X∂
∂z¯k
J) ∂
∂z¯ℓ
〉
= 1
16
|∇XJ |2.
We get the formula proved by Ma-Marinescu [10, (2.30)]:
ρ(x0) =
1
24
|∇XJ |2.
4.4. An arbitrary line bundle on a Ka¨hler manifold. Assume that ∇XJ = 0.
If J is a complex structure, then (X, J, g) is Ka¨hler. Then the formula (4.8) takes
the form:
ρ(x0) =
n∑
j,k=1
8
aj + ak
〈
(∇X∇X |J |)
(
∂
∂zj
,
∂
∂z¯j
)
∂
∂z¯k
− (∇X∇X |J |)
(
∂
∂zj
,
∂
∂z¯k
)
∂
∂z¯j
, ∂
∂zk
〉
+
n∑
j,k,ℓ=1
8
9ak(aj + aℓ)
∣∣∣∣∣
〈
∇X∂
∂z¯ℓ
|J | ∂
∂z¯j
−∇X∂
∂z¯j
|J | ∂
∂z¯ℓ
, ∂
∂zk
〉∣∣∣∣∣
2
.
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